
782 J. GUIDANCE, VOL. 15, NO. 3: ENGINEERING NOTES

I

1. 2. 3.

Time In Seconds

-0.2

1. 2. 3.

Time In Seconds
Full State Feedback

oooo - Observer (H.- this paper)

———— . Observer (H0 - Reference 3)
o

Fig. 1 Actual aircraft states for each control law.

Table 1 Comparison of the gain matrices H\ and

Property HI (this paper) HS (Ref. 3)

Jfh
JY2

c\
C2
C3
C4
Ilcll2

12.30
10.95
6.61
5.49
1.00
1.01
5.49
7.89

13.44
11.23
6.74
5.62
3.07
3.47
5.39
9.06

illustration of the fact that reducing a bound on the norm of
the gain matrix does not imply that this norm will be reduced.

For a gust-induced initial sideslip, let the initial condition of
the state vector be *(0) = (0, 0, 0, 5)T[ = -e(Q)]. Time re-
sponses of some of the actual states of the aircraft are given in
Fig. 1 for the full state control law and each of the systems
formed by using the observer gain matrices H\ and Hs. Note
that the closed-loop systems including the observers exhibit an
almost identical time response with gain matrices of similar
norm. However, the design using the method introduced in
this paper (H\) possesses reduced overall eigenvalue sensitivity
compared to the old design (Hs).

A design with reduced eigenvalue sensitivity or with a lower
norm gain matrix, etc., may be obtained by allowing the
closed-loop eigenvalues to be selected in conjugate pairs from
regions of the complex plane. Alternatively, one could place

more emphasis on certain design objectives by altering the
weighting factors a, 0, and 7.

Conclusion
A multiple objective optimization technique using analyti-

cally derived gradients has been described. This technique
allows for the design of an observer that has low eigenvalue
sensitivity to parameter variation or uncertainty in the system
matrices and is achieved using a small (in norm) gain matrix
that is of reduced sensitivity to measurement error. Supple-
mentary to this, the impact of a known structure (or direction)
for an initial condition mismatch is reduced by assigning the
left eigenstructure of the observer.

The new method provides improved results over former
methods because of the use of analytically derived derivatives
of the multiple objective cost function. The earlier methods
used numerically derived gradients that may sometimes pro-
vide a non-optimal solution. In addition, provision is made so
that the design freedom may be increased by allowing closed-
loop eigenvalues to be chosen from regions of the complex
plane.

One is able to place more (or less) emphasis on the single
objectives contained in the overall cost function by the adjust-
ment of certain weighting factors that have been introduced.
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Pulse Response Method for Vibration
Reduction in Periodic Dynamic Systemsi
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Introduction

S EVERAL periodic dynamic systems possess unwanted vi-
bration, including the helicopter, which has received much

attention recently. Periodic systems cannot be described in
terms of classical transfer functions or time-invariant state
transition matrices. Thus, conventional control theory, such
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as classical and state space, cannot be applied to these systems.
Periodic dynamics can best be described in terms of Floquet
theory.1 However, there are no control methods at present
based on this theory. Periodic systems can be expressed in
terms of a response matrix together with an uncontrolled
vibration vector in either the discrete frequency or the discrete-
time domains. If these quantities do not vary with time, their
characteristics can be measured, and a fixed gain system can
be designed. However, if these quantities vary, as with the
helicopter, an adaptive system is needed.

This Note describes the application of the pulse response
method to the active alleviation of vibrations in periodic sys-
tems. A great deal of research has focused on active alleviation
of helicopter vibrations in induced canceling vibrations in the
fuselage through small modifications in the helicopter blades'
angle of attack. These control concepts have focused on the
reduction of blade passing frequency vibrations through
higher harmonic controllers.2'4

In the present paper, adaptive vibration reduction is
achieved through a cautious controller in the discrete-time
domain using a pulse response formulation, as opposed to a
frequency domain formulation. Since the acceleration mea-
surements are not prefiltered to blade passing frequency be-
fore the regulator estimates the parameters of the linear model
relating vibration and control, the resulting algorithm reduces
vibrations at all harmonics (within Nyquist limitations) simul-
taneously.

Pulse Response Method
For any linear system, the response at discrete times to

a pulse control sequence can be represented by the matrix
equation

x(tj)

0 0
0
0

U(tj)

where the pulse response J/,/_/ relates cycle / - / input to cycle
/ output and

*/ =
X(tin+i) u(tin+\)

Assuming near periodicity of the plant dynamics and un-
controlled response, the control vector will be nearly constant
between cycles and the sum can be taken over the TfJ matrices
in Eq. (1) yielding

+*„.

or

x =

u = [ l \ u T ] T

(2)

(3)

where the cycle count subscript / has been suppressed. Note
that T is an n x n matrix whereas y, u, and x are n vectors.

Identification Algorithm
For many periodic dynamic systems such as helicopters, the

dynamics and disturbances undergo slow changes. For the
purpose of deriving an identification algorithm, these varia-
tions are modeled by the random walk in the pulse response
matrix and uncontrolled vibration vector

i = 0, (4)

where H^/ is a matrix of random variations in the base vibra-
tion vector Jt0 and pulse response matrix T. The Kalman filter
used here parallels that used by Molusis et al.3 and Bryson and
Ho5 and therefore will not be rederived. The algorithm used,

(5)

relates the successive a priori values of P and 0, the covari-
ance, and estimate matrices. Here, Kis the Kalman gain vector

X(fj)

where x, XQ, y, u, and v are the vibration, uncontrolled vibra-
tion, vibration measurement, control, and measurement noise,
respectively. Note that if the disturbance responses x0(tj) and
the control pulse response w(^,^)(i.e., the weighting sequence)
are predictable, then an open-loop control can be found to
minimize a performance index of x and u. If n measurements
are taken per cycle, where a cycle is the period of the system
dynamics, and if the control induced vibrations damp out in/?
cycles, then the matrix equations become

= £ r/ f /_/ (i)

whereas

= E[vTv] =

= diag {/!<£, na2
T9 . . . , na2

T]

Control Algorithm
The role of the control algorithm is to calculate the control

vector u for each cycle using the plant and uncontrolled vibra-
tion estimates. In deriving the control from a minimization of
a quadratic performance function, two complications result.
First, because y is not available until the end of a cycle, P and
0 cannot be calculated in time for use in the next cycle. It is
therefore necessary to adjust the control algorithm to allow
for this delay. Second, the formulation of the system dynam-
ics in the discrete-time domain (as opposed to the narrow-
band frequency domain of higher harmonic control) allows
the control to initiate rigid-body motion. For the helicopter
problem, a constraint must be included in the control law to
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prevent inducement of such modes so that the vibration con-
trol does not oppose the pilot's control. The control input is
therefore calculated subject to the constraint

ii7* = 0 (6)

where ¥ is a matrix whose columns represent the undesirable
control modes. The columns of the matrix ̂  are the control
vectors that produce rigid-body motion. Introducing A, a
vector of Lagrange multipliers, and minimizing the quadratic
performance function

J =

yields the control law

u =

where

(7)

(8)

— TjXoj + P2i,/

The n x 1 vector P2i and the n x n matrix P22 are partitions
ofP:

The covariances expressed by the P matrix result from the
definition of the performance function J in terms of expected
values; this type of controller is referred to as being "cau-
tious." Note that control for cycle / + 1 is computed during
cycle /. Since the output yt is not available until the end of
cycle i, new a posteriori estimates of the parameters are un-
available for the computation of the control. The control
derived therefore is optimal with respect to an information
state that is one cycle old.

Because of the rigid-body mode constraints on the control,
any collection of control vectors does not span the control n
space. No information along the constrained vectors of the
parameter space is obtained, presenting an estimation prob-
lem. This is manifested as the error covariance matrix increas-
ing without bound and bears a resemblance to the persistency
of excitation problem of stochastic control. The remedy used
here, referred to as probing, is the introduction of noise into
the control vector and is the same as advocated by Witten-
mark6 to prevent "turn off" in cautious controllers. While
this violates the control constraint, it results in little rigid-body

U N C O N T U O L L K I ) V I H K A T I O N

C O V A K I A N C K W I T H O U T P R O B I N G
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Fig. 1 Controlled and uncontrolled root mean square vibration with
probing, and covariance trace with and without probing.

motion. Another solution to this problem is renormalizing the
covariance matrix with its trace to prevent the instability.

Application to Helicopter Vibration Reduction
Assuming steady flight with well-balanced blades, the dy-

namics of a helicopter and the controlled vibrations to which
it is subjected are approximately periodic and are repeated
every blade passage. Thus, the cycle for this problem is equal
to one quarter of a revolution for a four-bladed helicopter.
With four accelerometers, full individual blade control of a
four-bladed rotor would be possible, yielding vibration con-
trol on all axes. To simplify for the example problem, only
vertical vibration control will be considered here. Thus, collec-
tive pitch is driven by feedbacks from a vertically mounted
accelerometer, and each blade receives the same control input.
The control algorithm derived previously is employed with the
constraint vector

*=[! 1 1 l . . . l ] r

which would nominally preclude a change in lift and thus
prevent helicopter climb or descent. The actual value of this
constraint vector, however, is not important to the example
presented; the presence of a constraint on the control, how-
ever, affects the algorithm's function dramatically.

For the purpose of computer simulation, the model plant's
pulse response at each azimuthal location was varied stochasti-
cally in a random walk. With an actual plant, the tracking and
control of the algorithm would not be significantly different.

As has been reported previously,7 preliminary numerical
simulation results displayed regulator instability. This was
manifested in the slow continues growth of the elements of the
covariance matrix. At first, this behavior was thought to be
the result of poor tuning (i.e., choice of filter process noise
terms). The instability problem was, in fact, more fundamen-
tal than poor tuning; it was due to an optimal control that was
not sufficiently rich (i.e., did not span the parameter space) to
stabilize the system. To correct the problem, a small pseu-
dorandom signal, referred to as probing, was inserted into the
control for excitation. This was found to bound the covari-
ances and stabilize the system. Simulation results in Fig. 1
show this effect. Shown are the root-mean-square values over
one cycle of the uncontrolled and controlled vibration vectors
with probing and the trace of the covariance matrix for the
algorithm with and without probing. Note that the covariance
trace without the probing term is significantly greater than
that with probing; further results not displayed show continu-
ing growth when probing is not used, indicating true instabil-
ity. The changes in levels of vibration reduction over the time
history are due to changes in the plant pulse response matrix
and not to any instability in the regulator algorithm. Note that
the algorithm typically yields approximately 15 dB of vibra-
tion reduction when probing is included. Without probing,
vibration levels were slightly lower (not shown). Once suffi-
cient probing has been inserted to bound the covariance, addi-
tional probing causes unnecessary degradation of perfor-
mance. Preliminary research shows that covariance bounding
also results in a stable regulator and good vibration reduction
with none of the adverse effects of probing.

Conclusions
The pulse response formulation of periodic dynamic sys-

tems permits the adaptive vibration control problem to be
solved in the discrete-time domain. Kalman filtering may be
employed for identification, but specific issues of availability
of the estimates and covariance instability must be resolved in
the control algorithm design. Probing can prevent covariance
instability due to insufficient richness of the control at the
expense of a small loss in attenuation performance.
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Robust Flight Control System Design
with Multiple Model Approach
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often find that high gain feedback control introduces a high
crossover frequency, where phase information is quite uncer-
tain, and this makes the closed-loop system unstable.6 This is
one of the major motivations of recent robust control re-
search. In the robust control problems, how to present uncer-
tainty of the dynamical system is important. In the present
Note, an uncertain delay model is proposed to present uncer-
tainty in the high frequency range. The multiple model ap-
proach with an uncertain delay model can introduce the max-
imum regulator performance while suppressing the frequency
bandwidths of feedback control. By considering different
times of delay, bandwidths can be adjusted for different
points of the closed-loop system.

The present multiple model approach was successfully ap-
plied to an active flutter control problem.7 The approach is
applied to a flight control problem emphasizing regulator
performance and bandwidth for the multi-input control sys-
tem. A prefixed control structure, such as proportional output
feedback with a fixed gain, can provide a practical control
law, and it is useful to avoid acute dependency on the selected
points for multiple models.8 Numerical results show practical
feasibility of the approach for flight control system design.

Multiple Model Approach
The LQR methodology is extended to the multiple model

problem while posing a constraint of proportional output
feedback. The following is a brief review of the approach. The
plant dynamics is given by the following multiple models:

(l)

Introduction

C ONTROL system design for uncertain dynamical systems
and systems with changing parameters has been one of

the major research subjects in linear control theory. Recently,
new theoretical results have been introduced using the fre-
quency response, such as the //«, approach, and these results
have been attempted to be extensively applied to flight control
problems. The multiple model approach discussed here has
been developed with the same objective (e.g., Ref. 1). The
plant dynamics is not uniquely given, but it is described using
multiple candidates of dynamical systems or multiple models.

The concept of multiple models has long been used in flight
control system design. Changes of parameters, such as dy-
namic pressure, Mach number, weight and balance, and con-
figuration, have a significant influence on the dynamic pro-
perties of aircraft, and consideration of every necessary point
in the flight envelope is important for the design of a flight
control system. Although such design attempts have often
been carried out in a trial-and-error manner based on empiri-
cal knowledge, an extension of control theory with the multi-
ple model approach has been proposed for more efficient
design. The multiple model approach has been combined with
linear quadratic regulator (LQR),2'3 linear quadratic Gaussian
(LQG),3~5 and pole assignment.1

For flight control system design, not only prescribed
changes of parameters but also uncertain dynamics should be
considered. Uncertainty in the high frequency range, which
derives from various sources such as flexible modes, nonlin-
earity of the actuator system, uncertain time lags due to digital
signal processing, and the effects of filters, is frequently
pointed out for careful consideration. In practice, designers
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where */ € Rn> ul $. Rm, yi £ Rr are the state variable, control
variable, and output variable, respectively. The subscript /
denotes the /th model, and the system matrices (Ai9 Bi9 C/) are
constant matrices of adequate size. The initial condition of
state variables is considered random, and its characteristic is
defined as

= 0, = 1, M (2)

where E[ ] denotes the average, and Wt( > 0) is appropriately
given. The control law is defined as follows:

The feedback gain K is common to all models. The output yt
may be a variable that is directly measured or a variable that
is accurately reconstructed with a filter.

When the closed-loop systems, Af + BjKCj, are asymptoti-
cally stable, the performance index is defined as a weighted
summation of performance indices for each model, i.e.,

M

J = ^/?///, Jj = E[]*Xi(t)TQjXi(t) + Ui(t)TRUj(t) dt] (4)
1 = 1

where p/(>0, £/?/ = 1) is the probability of the /th model, or
it can be used as an adjustable design parameter. Weighting
matrices <2/( — ) ana R(>G) are appropriately given as the
standard LQR problem. The performance index can be rewrit-
ten as

M

J = TiPt tr[(Q/ + CfKTRKC,)X,} (5)

i + Xj(Ai + = 0

(6)

The optimal gain that minimizes the performance index
satisfies the following necessary conditions or the optimality
conditions:

+ piBfYiXiCf = 0 (7)


